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Summary 
 
In this research, the s-version finite element method (s-FEM) is used to carry out 
analyses on the particulate composite materials undergoing progressive damage. Matrix 
material is assumed to be a polymeric material. Hard particles are embedded in matrix 
material. S-FEM simplifies the modeling procedures for particulate composite materials 
because it allows us to build finite element models for the structure as whole and for 
particles and their vicinities, separately. They are called “global” and “local” finite 
element models. When particulate composite materials are modeled, the local finite 
element model contains a particle and its immediate surrounding region. The local finite 
element models are superposed on the global model. By adopting the s-FEM, placing 
particles in matrix material became a trivial task.  
 
Matrix is considered to suffer from a material damage due to the growth and nucleation 
of microvoids. Also, the composite experiences damage due to particle-matrix 
dewetting. The former is accounted for by the use of a continuum damage constitutive 
law. The later is by a cohesive zone model. Two kinds of continuum damage models are 
used in this research. They are an isotropic and a separate dilatational/deviatoric damage 
constitutive law that accounts for the influences of hydrostatic and deviatoric stresses 
separately. The constitutive and the cohesive zone models were implemented in the 
s-FEM computer program. 
 
Numerical analyses were carried out to reveal the characteristic deformation behavior of 
particulate composite such as the influences of hard particles to matrix damage, the 
influences of particle-matrix dewetting to matrix damage, etc.  
 
The results revealed that the separate dilatational/deviatoric damage constitutive model 
with a small contribution from the deviatoric stresses was the most appropriate model 
among the models which were tested in this study. When the cohesive zone model is 
assumed at the interface between the particles and matrix material, the strength of bond 
of the cohesive zone determines the damage mode that dominates the other. When the 
bond is strong, the matrix damage is the major damage mode. When the bond is weak, 
the dewetting is the major damage mode.  
 
The outcomes of present research revealed some characteristic behavior of progressive 
damage in polymeric particulate composites. 
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1. S-version Finite Element Method (S-FEM) for the analysis of 
particulate composite materials 
 
1.1 Equation Formulations 
 
In this section, we discuss about general formulations of the s-version finite element 
method (s-FEM). It is assumed that particles or fibers are distributed in the domain of 
analysis as shown in Figure 1. Though Figure 1 implies that the particles or voids are 
spherical in their shapes, there is no such restrictions in the mathematical formulation. 
The second phase material can be fibrous or any others in their shapes. Though the 
previous formulations of the s-FEM (see Fish [1] for example) assumes only one 
overlaid model to be superposed on the global model, we allow any numbers of finite 
element models to be superposed. Then, the overlaid models are allowed to overlap 
each other, as depicted in Figure 2. When the shapes of the embedded second phase 
materials are the same or similar to each other, the same local finite element model can 
be used repeatedly. Therefore, generating a model for the composite would be a simple 
task. 
 
In the following discussions, the regions of the global and the p-th (p=1,2,3, ・・・, M) 
local finite element models are designated to be GΩ  and LpΩ , as depicted in Figure 3. 
We assume that there are a total of M local model regions. The displacements are 
defined based on the shape functions of elements in the global and local models, 
independently [see references such as Bathe [2] and Hughes [3] for the shape functions 

of finite elements]. We write them to be ( )xG
i

G
i uu =  in GΩ  and  in , 

where 

( )xLp
i

Lp
i uu = LpΩ

x  denotes the position of a material point. At a point which is not inside of any 
local model regions, the displacements  are the same as the displacement functions 

 of Ω . 
iu

G
iu G

 

( )xG
ii uu =     (1) 

 

At a point where some local finite element models overlap, the displacement functions 
 are given by the sum of displacement functions of the overlapped models. For 

example, at a point where the local models 
iu

LpΩ  and LqΩ  ( qpMqp ≠≤≤  ,,1 ) overlap 
on the global model , the displacements  are represented by the sum of their GΩ iu
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displacement functions, as: 
 

( ) ( ) ( )xxx Lq
i

Lp
i

G
ii uuuu ++=     (2) 

 
To assure the continuities of displacements, those based on a local finite element model 
are set to be zero at its outer boundary. We let: 

 

0=Lp
iu  at     (3) LpΩ∂

 
where  designates the outer boundary of local model region LpΩ∂ LpΩ .  
Stresses at a point are written in terms of strains through Hooke’s law [see Sokolnikoff 
[4], for example]. 
 

ll kijkij E εσ =     (4) 

 

where the elastic constants  may vary within the solid and are the functions of 

location of a material point. 

lijkE

 

( )xll ijkijk EE =         (5) 

 
The statement of principle of virtual work is written to be: 
 

( )∫ Ω∂+∫ Ω=∫ Ω
∂
∂

∂
∂

Ω∂ΩΩ G
t

GG
G
tii

G
ii

Gk
ijk

j

i dtubu
x
u

E
x
u

δδ
δ

dd
l

l    (6) 

 
where iuδ  are the variations of displacements,  are the body force per unit volume, ib

it  are the prescribed traction vector on the traction prescribed boundary . The 
variations of displacements 

G
tΩ∂

iuδ  are assumed in the same manner as the displacements 
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iu , by the superposition at material points where they overlap. Thus, iuδ  are written to 
be  where no local models overlap on the global model and 

 where local models 

( )xG
ii uu δδ =

( )x Lp
i

G
i uu δδ += ( ) ( )xx Lq

iuδ+iuδ LpΩ  and LqΩ  ( 1 ) 

overlap on the global model.  

qpMqp ≠≤  ,,≤

p
iuδ ( )Mp ≤≤1  are set to be zero at the boundary  

of . 

LpΩ∂

LpΩ

( )Ω∂ G
tid∫+ ∂

G∫= ΩG δ∫
∂

=
ΩLp

1 ∂
∂

∂

Lp
k

ijk
j

G
i

x
u

E
x
uδ

l
l+Ω

∂
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p

G
G
k

ijk x
u

d
l

l∫
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j

G
i E

x
uδ

G ituδ
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Lq bu dδ
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Thus, the displacements and their variations are substituted in the statement of virtual 
work principle. After some algebraic manipulations, we arrive at: 
 

Ω∑ Ω Ωti
G
i

M Lp bu dd  (7) 

∑ ∫
≠
=

ΩLp
LpM

pq
q

ijk
j

Lp
ii E d

1
l

 (8) 

 

From the left hand sides of equations (7) and (8), various stiffness matrices are obtained. 
Thus, an equation can be written in a matrix form, as: 
 












































−

−

−

−

LM

L

L

L

G

LM

LM

LM

LM

LM

F

F
F
F
F

u
MMM

3

2

1

2

2

1

   (9) 

 
 is the ordinary stiffness matrix for the global finite element model which arises 

from the first term of equation (7) and  ( )Mp ,L=  are those for the local 
finite element models arising from the second term of equation (8).  

 and   are the coupling stiffness matrices between 
the global and local finite element models, arising from the second term of equation (7) 
and the first term of equation (8), respectively. 

)

LpK  ( qp =, L  are the 
coupling stiffness matrices between the local finite element models arising from the 
third term of equation (8). F  and  )3,2,1=  are the nodal force vectors 
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of external and body forces. It is noted that the matrices have the properties of 

 and ( TLpGGLp −− = KK ) ( )TLpLqLqLp −− = KK . Therefore, the coefficient matrix in the left 

hand side of equation (9) is symmetric. 

posite 

 
Unknown nodal displacements are obtained by solving the linear simultaneous 
equations (9), and the displacement field in the composite is determined (see Okada, Liu, 
Ninomiya, Fukui and Kumazawa [5] for the full details of the solution procedures). 

(a) Particulate com (b) Fibrous composite 

Figure 1 Schematic views of composite materials 

Figure 2 An s-FEM model for composite material in which each fiber/particle 
and its immediate vicinity are modeled by a local finite element mesh 
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( )M,,,,pLp L321=
GΩ

Figure 3 Local model regions (Ω ) which are superposed on the 
global model region  

 

1.2 Numerical Implementations of s-FEM (Evaluation of stiffness matrices) 
 
A unique feature of the s-FEM is that elements in global and local finite element models 
overlap each other. There are many ways for elements to overlap, as shown in Figure 4. 
Elements may overlap each other in an arbitrary manner. This raises serious problems in 
the evaluation of stiffness matrices such that i) when a coupling stiffness matrix such as 

LqLp−K  is formed, elements in different finite element models may partially overlap 
each other (two-dimensional illustration is presented in Figure 5) and ii) more than one 
material models or material parameters that are specified by the overlapping elements 
may exist at a point. Some special care must be given to overcome these issues. In this 
section, how we can overcome these issues in s-FEM computer implementation is 
described. 
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(a) (b) (c) 

(d) (e) (f) 

Figure 4 Many ways that two elements overlap each other; (a)~(c): 
Two-dimensional examples and (d)~(f): Three-dimensional examples 

 
1.2.1 Evaluation of element and coupling stiffness matrix 

Figure 5 Overlapping region LqjLPi−Ω  of the regions LpiΩ  and LqjΩ  of two 
ments (ele Lpi and Lpj) 

 
We consider a typical scenario. Figure 5 illustrates the finite elements i and j of the local 
mesh regions p and q. They are designated to be elements Lpi and Lqj, respectively. 
They overlap each other and, therefore, their coupling stiffness matrix is formed. The 
coupling stiffness matrix [ ]LqjLpi−k  can be written to be: 
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[ ] [ ] [ ][ ] LqjLpiLqjTLpiLqjLpi
LqjLpi

−
Ω

− Ω= ∫ − dBEBk     (10) 

 
here w [ ]LpiB  and [ ]LqjB  are the strain-displacement matrix for the elements, and [ ]E

the

ed, a

 

trix represen

volume of overlapping region. When the c fness ma m  

is the m g the elastic constants E  in equation (5). LqjLpi−Ω  is  

numerical integration is performed for the overlapping volume LqjLpi−

a tin lijk

oupling stif trix is for
Ω .  

 
However, the overlapped region LqjLpi−Ω  may have a complex geometry. It is almost 

 geomeimpossible to explicitly define the try of the overlapping region and to apply an 
ordinary numerical integral scheme such as Gasuss quadrature. In this study, we 
perform the integral based on one of the overlapping elements. It can be shown to be: 
 

[ ] ( )[ ] [ ][ ] LpiLqjTLpiLqjLpiLqjLpi
Lpi Ω= ∫Ω

−− dBEBxk α    (11) 

 
 is a scalar function whose value is “1” in ( )xLqjLpi− LqjLpi−Ω  and “0” outside of 

Gauss qua

he element subdivision technique is illustrated in Figure 6 for two- and 

LqjLpi−Ω , a
Therefo

s indicated in Figure 5. Numerical integral is per based on element Lpi. 
re, the integrand of equation (11) has a sever discontinuity since the value of 
( )xLqjLpi−α  changes abruptly from “1” to “0” or “0” to “1”. Therefore, an ordinary 

drature is unable to evaluate the integral accurately. In order to circumvent 
this problem, we developed an element subdivision scheme.  
 

formed 
α

T
three-dimensional problems. As shown in Figure 6 (a-i), two-dimensional elements Lpi 
and Lqj partially overlap each other, and the integration is performed based on Lpi. First, 
element Lpi is divided into 4 sub-cells. Then each subdivided-cell is checked if it 
intersects with the edges of element Lqj. If a subdivided-cell intersects with the edges of 
element Lqj, it is divided into 4 sub-cells again. This process is repeated until the 
smallest sub-cell becomes small enough (typically within 1% of the volume of element 
Lpi). The processes of creating sub-cells are shown in Figures 6 (a-ii)~(a-iv). Then, an 
ordinary Gauss quadrature rule is applied in each subdivided-cell. The same approach is 
adopted in three-dimensional problems, as shown in Figure 6 (b-i)-(b-iv). However, it 
should be noted that proposed methodology is not computationally efficient and takes 
much longer computational time than the ordinary Gauss quadrature, because many 
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integration points are used to carry out the numerical integral. 

 
1.2.2 Material constants and strain histories 

(a-i) (a-ii) (a-iii) (a-iv

(b-i) (b-ii) (b-iii) (b-iv

Figure 6 Element subdivision techniques for (a) two- and (b) three- dimensional 

) 

) 

problems 

 
In an ordinary finite element method, the material constants are assigned to finite 

or example, in Figure 7, a two-dimensional schematic illustration is given. There are 

elements and the strain history information, such as damage paramters are stored at the 
integration points. In present s-FEM analysis, the global and local finite element models 
overlap each other and material data including initial strains and strain history 
parameters are assigned to global and local finite element models independently. This 
means that two or more sets of material parameters exist within an overlapping region. 
First, priority orders are assigned to material models in the input data. Deformation 
history data is stored at ordinary integration points in each element in global and local 
finite element model. When two or more finite elements overlap at a point, a material 
model having the highest propriety order is chosen first. If there were two or more 
overlapping elements having the same material model at a point, deformation history 
data of the smallest element is used to form the stiffness matrices. 
 
F
two material models A and B that are assigned to the elements. At a point within the 
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overlapping region, material model A or B is chosen according to their assigned priority 
orders. Even when an ordinary element stiffness matrix is formed, abrupt changes in 
material constant may occur. The element subdivision scheme of section 1.2.1 is used 
for such cases. 
 
Next, we discuss about treatments for the strain history parameters. When the element 
subdivision technique is adopted, many integration points just for numerical integration 
are generated. If one tries to store the strain history data at each one of them, a large 
amount of computer memory will be required. Thus, in present s-FEM program, each 
ordinary integration point carries the strain history information. For example, in the case 
of two-dimensional linear finite element, there are four ordinary integration points, as 
depicted in Figure 8. Figure 8 presents the positions of four integration points in ξ-η 
normalized coordinate system. Each of the integration points represents a quarter of area 
of the element as shown in Figure 8. When the element subdivision technique is used, 
the ξ-η normalized coordinate values of each generated integration point are evaluated 
and the program chooses an ordinary integration point whose strain history parameters 
are used. For three-dimensional case, the same strategy is adopted. 

Figure 7 A region of multiply assignmed material models and the Gauss points in 
the overlapping elements 
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Figure 8 Gauss points in an element (two-dimensional quadrilateral element) 
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2. Damage constitutive model 
 
In this research, we assume the nucleation and growth of microvoids in polymeric 
material and the dewetting between the particles and polymeric matrix material. Figure 
9 shows the schematic view of damage modes. These material damages reduce the 
effective area of material section. Thus, the material stiffness is reduced gradually while 
progressive material damages take place. 
 
Two kinds of damage constitutive laws were adopted. They are described in this chapter. 
The isotropic damage model following Simo and Ju [6, 7] was extended to separate 
dilatational/deviatoric damage model that can account for the dilatational and deviatoric 
components of damages separately. The separate dilatational/deviatoric damage model 
is especially powerful when the deformation of the material under an ambient pressure 
is analyzed. 
 
The dilatational part of material damage is mainly due to the nucleation and growth of 
microvoids. It is considered that under negative hydrostatic stress, the nucleation and 
growth of microvoids do not occur. The dilatational damage model is assumed to be 
induced when the hydrostatic stress is positive.  

Figure 9 A schematic view of two kinds of damage modes; the growth of 
microvoids in matrix material and dewetting between the particles and matrix 
material 

 
2.1 Isotropic damage constitutive model 
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First, we describe the isotropic damage theory by following Simo and Ju [6]. In Simo 
and Ju [6], the effective stress concept and the hypothesis of strain equivalence are 
described. When they are applied to the case of elastic damage, the elastic potential 

energy of damaged material, in terms of the strains ijε  and the damage parameter  

is written to be: 

d

 
( ) ( ) ( ll k

o
k dd εψεψ −= 1, )

)

       (12) 
 
where  is the elastic-potential function for virgin material that is written to be: ( lk

o εψ

 

( ) lll kijijkk
o C εεεψ

2
1

=        (13) 

 
Just like equivalent stress concept in the theory of plasticity, a scalar parameter τ  that 
measures the magnitude of stress/deformation is introduced.  
 

( )lko εψτ 2=         (14) 

 
Criteria for the damage evolution are written as follows. First, the effective stress needs 
to reach the critical value. 
 

( ) ( )( ) ( ) ( ) 0=−=− drdrg kk ll ετετ       (15)  
 
where  is the function of the damage parameter . The relationship between ( )dr d ( )dr  
and  needs to be determined based an experimental data. The material damage 
progresses when the damage parameter increases. Therefore, when the damage is 
ongoing, the time derivative of the damage parameter  must be positive. 

d

d&

 
0>d&          (16) 

 
d&  is determined through the evolution law, as: 
 

( ) ( ) ( dHdHrd k ,, τεττ l&&& == )       (17) 
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The constant ( dH , )τ  characterizes the progress of damage with respect to the effective 
stress like term. Equations (15) and (16) must be satisfied when the progressive damage 
takes place. It is noted that the constant ( )dH ,τ  is always positive. Therefore, the 
equivalent stress-like term must increase to satisfy equation (17), while the material 
damage is in progress. 
 
Since the elastic potential energy is assumed in the form of equation (1), the stresses 

ijσ  are written in the following form. 

 

( ) ll kijkij Cd εσ −= 1        (18) 

 
The rates of stresses can be expressed by differentiating both the sides of equation (12), 
as: 
 

( ) ( ) o
ijkijkkijkkijkij dCdCdCd σεεεσ &&&&& llllll −−=−−= 11     (19) 

 

where  are the stresses when the virgin material is assumed for the same 

strains. From equation (17), the rate  of damage parameter  can be derived to be: 

( ll kijk
o
ij C εσ = )

d& d

 

( ) ( ) ( )
lll

l &&&&
k

o
kk

o
k d,Hd,Hd,Hd εσ

τ
τε

τ
σ

τττ ===      (20) 

 
( d,H )τ  characterizes the rate of damage parameter  with respect to the rate of the 

effective stress-like parameter 
d

τ& . 
Substituting equation (20) in equation (19), we arrive at: 
 

( ) ( ) ( )

ll

llllll

&

&&&&&

k
ID
ijk

k
o
k

o
ijkijk

o
ijkijkij

D

dHCddCd

ε

εσσ
τ
τεσεσ

=

−−=−−=
,11

   (21) 

 
where  
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( ) ( ) o
k

o
ijijk

ID
ijk

dHCdD lll σσ
τ
τ ,1 −−=       (22) 

ID
ijkD l  are the tangent moduli for the isotropic damage material and have the major and 

minor symmetries, i.e. ,  and . ID
ijk

ID
ijk DD ll =

ID
kij

ID
ijk DD ll =

ID
jik

ID
ijk DD ll =

 
2.2 Separate Isotropic/deviatoric damage model 
 
The damage evolution of some class of materials are more sensitive to hydrostatic 
pressure stress than shear stresses. A typical scenario is in a material containing 
microvoids. Microvoids grow under applied positive-hydrostatic pressure stress. But 
they do not grow under negative-hydrostatic pressure stress. The growths of the voids 
are assumed to be less sensitive to the shear (deviatoric) stresses than 
positive-hydrostatic stress.  
 
One way to model such material is to separate the contributions of isotropic and 
deviatoric stresses to the damage growth. To do so with a very simple model, we 
separate the damage parameter  into the dilatational (volumetric) and deviatoric parts. 
Hence, the elastic potential energy function [equation (12)] is modified and is written to 
be: 

d

 

( ) ( ) ( ) ( ) ( )ij
o
DDkk

o
VVDVk dddd εψεψεψ ′−+−= 11,,l     (23) 

 

where kkε  and ijε ′  are the volumetric and deviatoric strains. The functions  and 

 are defined to be: 

o
Vψ

o
Dψ

 

( )2
2
1

kk
o
V K εψ =  and       (24) ijij

o
V εεµψ ′′=

 
where K  and µ  are the bulk and shear moduli. It is noted here that under a constraint 
condition , the separate dilatational/deviatoric damage model is the same as the 
isotropic damage model. We define two kinds of effective stress-like terms, as: 

DdVd =

 18



 

( ) ( )22 kkkk
o
VV K εεψτ ==  and ( ) ijijij

o
DD εεµεψτ ′′=′= 22    (25) 

 
When the damages are in progress, the following conditions must be satisfied.  
 

( vvV dr= )τ  and 0>kkσ  for the dilatational damage    (26) 
 

( DvD dr= )τ  for the deviatoric damage     (27) 
 
The evolution equations for the damage parameters are written, as: 
 

( ) ( ) ( )
( ) kk

qq

pp
VVVkkVVVVVVVV

K

K
dHKdHdHd ε

ε

ε
τετττ &&&&

2
,,, ===   (28) 

( ) ( ) l
l&&

k
pqpq

k
DDDDDDDD dHdHd ε

εεµ

εµ
τττ ′

′′

′
==

2
2

,,     (29) 

 
The constants ( )VVV dH ,τ  and ( )DDD dH ,τ  govern the evolution laws for the damage 
parameters. The constants are the functions of the effective stress-like terms Vτ  and 

Dτ  and of the damage parameters  and . From equation (23), we can write the 
stresses, as: 

Vd Dd

 
( ) ( ) ( ) ijDkkijV

ij

DVk
ij dKd

dd
εµεδ

ε
εψ

σ ′−+−=
∂

∂
= 121

,,l     (30) 

 
By differentiating both the sides of equation (30) and making use of equations (28) and 
(29), we can write the rate form constitutive equation, as: 
 

( ) ( )

( ) ( ) ( ) ( ) ( )
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k
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ijk
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D
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ε
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τ
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εε
τ
τ
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 (31) 
and, 
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DV
ijkD −
l

DV
ijkD −
l

 are the tangent moduli that relate the rate of stresses to those of strains. It is noted 

that  have the major and minor symmetries, i.e. ,  and 

. 

DV
ijkD −
l

V
jikD=

DV
ijk

DV
ijk DD −− = ll

DV
kij

DV
ijk DD −− = ll

D−
l
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3. Cohesive zone model and its implementation in the s-FEM computer 
program 
 
The cohesive zone model was implemented in the s-FEM computer program. In present 
research, the cohesive zone model accounts for separation between the reinforcing 
particles and matrix material. In this section, the formulations of the cohesive zone 
model (Chandra [8], Foulk, Allen and Helms [9], etc.) along with the s-FEM are 
presented.  
 
3.1 Cohesive zone model  
 
Interface separation law is characterized by the cohesive zone model. The interface in a 
solid is depicted in Figure 10. We assume that such interface separation takes place 
while progressive dewetting between matrix and a particle occurs. A three-dimensional 
illustration is given in Figure 11. Here, we define two kinds of coordinate systems. One 
is the global coordinate system  which is fixed in the space and the other is 
local coordinate system 

( 321 ,, xxx )
( 21, xx )3, x  in which 1x  and 2x  are in the plane of the 

interface and 3x  is perpendicular to the interface. We define upper and lower faces as 
depicted in Figure 11. The positive direction of the 3x  coordinate and the normal 
direction  of the interface are defined as depicted in Figure 11. Their directions are 
defined from the lower to the upper surface. Relative displacements 

n
CHZ
iu∆  are defined 

as the difference of the displacements +CHZ
iu  and −CHZ

iu  of the upper and the lower 

faces, respectively. ( )• i  indicate that the components of the vector are written in the 

( 321 ,, xxx )  local coordinate system.  
 

−+ −=∆ CHZ
i

CHZ
i

CHZ
i uuu        (33) 

 
By using the relative displacements CHZ

iu∆ , we define a dimensionless parameter λ  
which characterizes the separation and the slips of the interface, as: 
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where  tδ  and nδ  are the length parameters that characterizes the distance of partial 
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separation before the final one. Then, an energy density function is defined in terms of 
λ . 

W

W

f
f

 
( )λCHZCHZ WW =       (35) 

 
( )λCHZCHZ W=  is the energy potential and has properties of: 

 
( )
( )

Separation

00
CHZCHZ

CHZ

WW

W

=∞→

==

λ

λ
      (36) 

 

Separation
CHZ  is the energy required to open unit area in cohesive zone.  

 
Since  represents the energy, we can express: ( )λCHZCHZ WW =
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Therefore, cohesive tractions iT  are written to be: 
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Thus, we can express iT , as: 
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It is assumed here that  has the following form: CHZW
 

( ) ( )λσδλ fW MAX
nn

CHZ =          (41) 
 
Here,  is the maximum normal stress and the maximum value of MAX

nσ ( )λf  is one. 
( )λ  is the dimensionless function of λ . The function ( )λf  takes its values 
( = ) 00 =λ  and ( ) 0=∞→λf . By using equation (41), the tractions can be written, as: 
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In many literatures such as [8] and [9], equations (42) and (43) are interpreted to be: 
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where, 
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Or we can write: 
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In order to obtain rate form tangent moduli, we further differentiate equations (47) and 
(48) with respect to time. 
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Likewise,  
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In a matrix form, we can write: 
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Therefore, the tangent matrix in the rate formulation is symmetric.  
 
Function ( )λF  have some choices as described in Chandra [8]. In present analyses, 
following Foulk, Allen and Helms [9], we let ( )λF  be: 
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In order to show the significance of this choice of function ( )λF , we consider the 
energy per unit area of the interface due to an opening mode. For the absence of CHZu1∆  
and CHZu2∆  components, we can compute the energy , as: Q
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where  
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From the expression of (54), the maximum value of  is  for 3T MAX

nσ
3
1

=λ . 

 
From equations (53), (54) and (55), one can state: 
 

  and MAX
nσ nδ  determines the characteristics in normal separation (energy and 

initial stiffness of the interface). 

 
n

MAX
n
δ

σ  characterizes the initial stiffness of the interface. 

  

In addition, by examining equation (50), one can find that 
t

n
δ
δ  characterizes the 

stiffness ratio between the normal and the tangential separations of the interface. 

Figure 10 Progressive dewetting/interface separation between a particle and matrix 
material 
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Figure 11 The cohesive zone and associated coordinate systems ( ( )321 x,x,x  global 
and 321 x,x,x  local coordinate systems) ( )

3.2 Cohesive zone with an arbitrary orientation 

 the previous section, the cohesive zone model was described in the 
 
In ( )321 ,, xxx  local 

e assume a rate form formulation and the rates of stresses on the interface are written 

coordinate system. In this section, detailed discussions on how the coordinate 
translations from the local to the global coordinate system are carried out are given. 
 
W
in terms of the rates of relative displacements. 
 

CHZ
jiji ukT && ∆=         (56) 

 

here the components of ijk  w are found from equation (51), as: 
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(57) 
 

When the interface is oriented in an arbitrary direction, matrix ijk  in the ( )  

local coordinate system must be transformed to the c global coordinate system. The 
directions of 

321 ,, xxx

1x  and 2x  coordinate axes are in the plane of the interface. 3x  is 
perpendicular to the interface.  
 
An inter-element face constitutes a cohesive zone element. The local normalized 
coordinates ( )ηξ − , the local coordinates ( )321 ,, xxx  and the global coordinates 

 are set as shown in Figure 12. Unit basis vectors with respect to the ( 321 ,, xxx )
( )321 ,, xxx  and  coordinate systems are designated to be ( 32 , xx )1,x ( )321 ,, eee  and 

, respectively.  ( 321 ,, eee )
 
First, we let the directions of ξ  and 1x  coordinate axes be the same, as shown in 
Figure 12. Thus, the basis vector 1e  is shown to be: 
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Then, we define another unit vector , and 2ê 2e  and 3e  are calculated to be: 
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The components ijk  of tangential stiffness of the cohesive zone are transformed to the 

global coordinate system, as: 
 

( ) ( )( )jikkjkkiij kkk eeeeeeee ⋅⋅=⋅⋅= llll      (60) 

 

ijk  show the stiffness of the cohesive zone in the ( )321 ,, xxx  global coordinate system. 

Figure 12 The ( 321 x,x,x  local coordinate system and its unit basis vectors 
, and  normalized coordinates 
)

( )321 eee ,, ( )ηξ −
 

 
3.3 S-FEM formulation with the cohesive zone model 
 
3.3.1 Formulations 
 
The cohesive zone model is implemented in the s-FEM computer program. It is 
assumed that the cohesive zones are only implemented in the local finite element 
models. The global finite element model is not responsible for the cohesive zone model. 
In the s-FEM formulation, we start with the principle of virtual work, as stated below. 
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where  and  are both the faces of the cohesive zone.  and t  
are the rate of tractions on  and , respectively, that are induced by the 
opening of the cohesive zone.  and  are the variations of the 
displacement rates on   and . They are in the state of equilibrium and 
therefore we can write: 
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Therefore, we have: 
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The traction rates  are written in terms of the rates of relative displacements +CHZ

it&
CHZ
iu&∆  on the cohesive zone, as shown in equation (56). The relative displacements are 

written in terms of jumps in the displacements across the cohesive zone. Thus,  
are written to be: 
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Where  and u  are the velocities at both the faces of the cohesive zone.  

are the tangent stiffness of the cohesive zone, as described in previous section. The right 
hand side of equation (64) has a negative sign because the positive direction of the 
surface is opposite from that in previous section. By substituting equation (64) and by 
using the superposition of displacements based on the global and local finite element 
models, we can write: 
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( )Mp ,,3,2,1 L=  

 
Here, we assume that there are M local models that are superposed on the global model. 
The local models may overlap each other and their coupling terms appear in equation 
(66). It is noted that though the cohesive zones of different local model regions may 
intersect each other, their coupling terms do not appear in equation (66). That is because 
two cohesive zones make a line of intersection when they intersect and the line has a 
zero area.   
 
3.3.2 Cohesive zone element 
 
When the cohesive zone is implemented in the s-FEM computer program, we introduce 
a concept of cohesive zone element. The cohesive zone element behaves like an 
interface element. Figure 13 shows the cohesive zone element. For an illustrative 
purpose, the cohesive zone element in Figure 13 a small thickness. In actual model, the 
thickness is zero.  
 
The terms that are related with the cohesive zone element in equation (66) as expanded 
further, as: 
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Discretization procedures for the first term in the right hand side of equation (67) are 
described, as an example. Element stiffness matrix for a cohesive zone element 

 is derived as follows. The displacements within ( )LpCHZS + ( )LpCHZS +  are expressed by 
using the shape functions  where the CHZ element is assumed to be 
linear quadrilateral element.  

( 4,3,2,1=IN I )

 
[ ] ( ){ }4~1uN=iu&         (68) 

 30



 
The detail of equation (68) can be written to be: 
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The superscripts in equation (69) designate the nodal numbers (1, 2, 3 or 4). 
The variations of the velocities can also be written in the same manner. The stiffness of 
the CHZ can be written in a matrix from, as: 
 

[ ]















=

333231

232221

131211

kkk
kkk
kkk

k        (70) 

 
Thus, we have: 
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The other terms are expressed in the same manner, as: 
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Thus, the term of the CHZ element can be written as its final form, as: 
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where 
 

( )[ ] [ ] [ ][ ] ( )( )∫= +
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Figure 13 A schematic view of a cohesive zone element 
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4. Material damage evolution in particulate composite materials: 
damage constitutive laws 
 
In this chapter, we discuss about the mechanical interactions between neighboring 
particles and the distribution and the evolution of material damage. We assume four 
kinds of materials; (1) the isotropic damage material and the separate 
dilatational/deviatoric damage material with the constant α  being (2) 0.1, (3) 0.99 and 
(4) 10.0. For the separate dilatational/deviatoric damage model, the distributions of the 
dilatational and deviatoric damages are examined separately. 
 
Matrix material is assumed to undergo the damage. The sources of damage evolutions 
are due to the nucleation and the growth of microvoids. The stress-strain curve of matrix 
material is postulated to be that of Kwon and Liu [10]. Although the uniaxial 
stress-strain curve of Kwon and Liu [10] was measured for a polymeric composite 
material, it is used to model matrix material in this investigation since there is no other 
available material behavior.  
 
In this chapter, we discuss about (1) how the relationship between the effective 
stress-like parameters and the damage parameters are obtained, (2) the results of 
analyses for unit cell models are described. 
 
4.1 Relationship between the effective stress-like parameters and the damage 
parameters. 
 
4.1.1 The isotropic damage model 
 
The damage evolution law of equation (9) has a scalar function ( )d,H τ  of τ  and . d

( d,H )τ  characterizes the damage evolution behavior and should be derived from a set 
of experimental data. In this section, how the scalar function ( )d,H τ  is determined is 
described. 
 
First, we assume that we have a stress-strain curve which was measured in an 
experiment. Let us assume that we have a uniaxial stress-strain curve, as shown in 
Figure 14 Stress is expressed by:  
 

( ) εσ Ed−= 1         (77) 
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Therefore, the damage parameter  is expressed by the stress and strain, as: d

 

ε
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The value of the effective stress-like parameter τ  can be written in terms of the 
uniaxial stress and strain, as: 
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Therefore, once the uniaxial stress-strain curve is given, relationship between the 
effective stress-like and the damage parameter can be obtained. In present investigation, 
a uniaxial stress-strain curve is approximated by a series of piecewise straight lines, as 
depicted in Figure 15. In Figure 15, points on the stress-strain curve ( )11,εσ , ( )22 ,εσ , 
( )33,εσ , , ••• ( )ii εσ , , ( 11, ++ ii )εσ , •••  connect straight line segments. From a set of 
data ( )1,1 εσ , ( )22 ,εσ , ( )33,εσ , ••• , ( )ii εσ , , ( )11, ++ ii εσ , ••• , we can compute 
( )11, dτ , ( )22 , dτ , ( )33 , dτ , , ••• ( )id,iτ , ( )11, ++ ii dτ , •••  by using equations (78) and 
(60). Thus, the relationship between τ  and  is also approximated by a series of 
piecewise straight lines. The function 

d

( )d,H τ  which governs the damage evolution law 
of equation (20) is approximated by: 
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The function ( dH , )τ  whose value is determined by equation (80) is used in the 
stress-strain relationship of equation (21). 
 
We then extract a series of data points ( )11,εσ , ( )22 ,εσ , ( )33 ,εσ , ••• , ( 77 , )εσ , from 
the experimental stress-strain curve of Kwon and Liu [10], as shown in Figure 16. As an 
example, the relationship between the uniaxial strain and the damage parameter for the 
case of isotropic damage is depicted in Figure 17. Thus, the uniaxial stress-strain curve 
is reconstructed by a series of linear approximations, as shown in Figure 18. 
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Fig. 14 Uniaxial stress-strain curve 

 
Fig. 15 Piecewise linear approximation for uniaxial stress-strain curve 

Figure 16 Uniaxial stress-strain curve of polymeric particulate composite 
material that was given in Kwon and Liu [10] 
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4.1.2 The separate Isotropic/deviatoric damage model 
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model is dealt with. As seen in equations (28) and (29), there are two different damage 
evolution laws and two damage variables ( )VVV dH ,τ  and ( )DDD dH ,τ . In order to fully 
determine ( )VVV dH ,τ  and ( )DDD dH ,τ , we need at least two sets of stress-strain curves. 
When only one stress-strain curve is available, we need to introduce at least one 
additional condition.  
 
We assume that a uniaxial stress-strain curve, as shown in Figure 15 or 16 is available. 
As an additional condition to uniquely determine the damage evolution law, we 
postulate that the ratio ( DV dd ) between the dilatational and deviatoric damage
parameters remains to be the same during the uniaxial deformation. We write: 
 

VD dd α=         (
 
He al
dam  1=α , the magnitudes of dilatational and deviatoric parts 
equal each other and, therefore, this case is very similar to that of the isotropic damage

 
We assume uniaxial deformation in 1x  direction. We can write the following 
statements. 
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81) 

re, α  is a positive constant ( ∞≤≤ α0 ). When α  equals zero, only the dilatation
age is present. When

 

. 
When α  is infinitely large, the dilatational damage parameter  is zero. Therefore, 

aterial undergoes deviatoric damage only. 
Vd

 
From the second and the third of equation (83) and 3322 εε = , one can obtain: 
 

m
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Therefore, by substituting equations (62) and (63) in equation (82), we have: 
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) ( ) ( ) ( )212 εεεµαεεε −−−+++ dKd
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( ) ( ) ( ) (1210 µαεεε −+++−= dKd 2211332211 3
εε −VV )    (84) 

he first of equation (83) and equation (84) lead to: 
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Therefore, for a give set of variables 11σ , 11ε  and α , we can solve for . 

wo special cases (
Vd

0=α  and 1=α ) are presented first. When 0=α , we have: T
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When 
 

1=α , we have: 
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This result is the same as the case of isotropic damage material (equation (78)). 
Therefore, we choose the negative sign in equation (94). 
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5. Material  ev in particulate composite 

ix material under the infl f 

press

damage olution 
materials-cohesive zone model (dewetting between the particles and 
matrix material) 
 
5.1 Material damage evolution in matr uences o
mechanical interactions of particles-1 (Four particle model without ambient 

ure) 

In this section, we try to present how the damage zone develop when particulate 
composite materials are loaded. First, we consider a simple problem such t
containing four particles is subject to tension, with or without ambient pressure.  
 

 Figure 19, a model that contains four particles is presented. The finite element 
models for the s-FEM analysis are also illustrated in Figure 19. As presented in previous 
chapter, the stress-strain curve of Kwon and Liu [10] is postulated and the relationship 
between the effective stress-like parameters and the damage parameters are obtained. 
From the results of this simple problem, we can clarify the influences of particle 
arrangements and of ambient pressure to the evolution of matrix damage. 

 
 
5.1.1 Isotropic damage material without ambient pressure 

Figure 19 The problem of four particles with and without the ambient pressure 

 

hat a block 

In

Local Model: 928 elements 1007 nodes 

E* = 10 EM 
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The distributions of stresses and damage parameter are presented in Figure 20, for the 
levels of overall strai ε  being 0.0632 and 0.1. It is seen that, for 0632.0=εn , both 

nsile and transverse stresses concentrate at the top and bottom of the particles. The 

n a large value of hydrostatic stress. Dmage zones start to develop at the top 
nd bottom of the particles. In the gaps between the particles, the damage parameter is 

te
magnitude of the concentrations seem to be slightly severer in the gaps between the 
particles than the other locations. Both tensile and transverse stresses are positive, 
resulsting i
a
slightly larger than the other locations. That is very similar to the case of stresses. 
 
For 1.0=ε , the major trends are similar to the case of 0632.0=ε . However, material 

amage takes place almost throughout the region of matrix material.  

 
.1.2 Separate dilatational/deviatoric damage material with α = 0.1 and without 

d

(a-1) Tensile stress (a-2) Transverse stress (a-3) Damage parameter 

(a) 0632.0=ε  

(b-1) Tensile stress (b-2) Transverse stress (b-3) Damage parameter 

(b) =ε  
Figure 20 The distributions of the tensile and transverse stresses and the damage 

1.0

parameter for the case of isotropic damage without ambient pressure 

5
ambient pressure 
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In the case of the separate dilatational/deviatoric damage model, the dilatational damage 
is set to dominate the other. In Figure 21, it is seen that, for 0632.0=ε , the distributions 
of the tensile and transverse stresses are similar to those of the isotropic damage case. 
The distributions of the transverse stress look differently. That is because the ranges are 
different. The dilatational and deviatoric damage zones develop at the top and bottom of 
the particles. They connect the particles in vertical direction. No damage develops in 
horizontal directions from the particles. As expected, the dilatational damage parameter 
is much larger than the deviatoric one. 
 
When the level of overall strain ε  increases to 0.1, the d ones enlarge and the 
most of part of matrix material suffer from the material damages.

amage z
 The dilatational 

damage parameter is much larger than the deviatoric one. The particles constrain the 
deformation of matrix material and the damage variables at both the sides of the 
particles are almost zero.  
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(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

(a) 

(a-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b-4) Deviatoric 
damage parameter 

0632.0=ε  

1.0=ε  (b) 
Figure 21 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 
5.1.3 Separate dilatational/deviatoric damage material with α = 0.99 and without 
ambient pressure 
 
In this case, parameter 

1.0=α  and without ambient pressure 

α  is set to be 0.99. The distributions of tensile and transverse 
stresses and the dilatational and deviatoric damage parameters are depicted in Figure 22. 
The distributions of the stresses are similar to afore mentioned cases. Material damages 
develop at the top and bottom of the particles where stresses are large. As shown in 
Figures 22 (a-3), (a-4), (b-3) and (b-4), the levels of the dilatational and deviatoric 
damage parameters are similar. Their patterns of distributions are slightly different. The 
dilatational damage variable at the sides of particles is almost zero and such regions 
connect the particles in horizontal directions.   
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5.1.4 Separate dilatational/deviatoric damage material with α = 10.0 and without 

mbient pressure a
 
In this case, the parameter α  is set to be 10. It is assumed that the deviatoric damage 
mode dominates the dilatational one. In Figure 23, the distributions of the stresses and 
the damage parameters are shown.  
 
The distributions of stresses are similar to afore mentioned cases. The level of the 
deviatoric damage parameter is much larger than the dilatational one.  

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

(a)  0632.0=ε

1.0=ε

99.0=α

(a-4) Deviatoric 
damage parameter 

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  
Figure 22 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and without ambient pressure 
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5.1.5 Summary: Separate dilatational/deviatoric damage material with α = 0.1, 
0.99 and 10.0, and without ambient pressure 

ile

gions of high stress connect the particles in the 
ertical direction. At the sides of the particles, the particles constrain matrix material 

viatoric damage 
parameters are very similar. Therefore, it is summarized that the choice of constitutive 
models (the isotropic and the separate dilatational/deviatoric damage models with 
different constant 

 
The distributions of the tens  and transverse stresses and the dilatational and deviatoric 
damage parameters are described in section 5.1.1~5.1.4. The stresses are large at the top 
and bottom of the particles. The re
v
from deformation. Therefore, the damage parameters are small at the sides of the 
particles. The overall trends of distributions of the dilatational and de

α ) does not make much difference in the results when no ambient 
pressure loading is applied to the block. 
 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

(a)  0632.0=ε

1.0=ε

0.10=α

(a-4) Deviatoric 
damage parameter 

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  
Figure 23 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and without ambient pressure 
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5.2 Material damage evolution in matrix material under the influences of 
mechanical interactions of particles-2 (Four particle model with ambient pressure) 
 
In this section, the same four particle problems are solved with ambient pressure that is 
applied as distributed force from the sides of the block. The ambient pressure is 400kPa. 
 
R uti ans nd th nd 
deviatoric damage parameters) are visualized for overall tensile strain 

esults (the distrib ons of tensile and tr verse stresses a e dilatational a
ε  being 0.1 and 

0.135. Since the ambient pressure is applied, Poisson’s ratio effect produces negative 
tensile stress. Thus, overall tensile strain ε  is set to be 0.1 or 0.135 so that the tensile 
stress in the block is almost the same as the cases of previous section (without ambient 
pressure). 
 
5.2.1 Isotropic damage material with ambient pressure 
 
In Figure 24, the distributions of tensile an sses c 
damage parameter are depicted. Major trends in the distributions of tensile stress are 
simi of 
trans or 
that the value of stress is about -4  particles whereas it is 
about zero for the case without the ambient pressure.  

s subject to tension without the ambient 
ressure, the damage zones develop at the top and bottom of the particles and do not 

d transverse stre  and the isotropi

lar to those without the ambient pressure. Also, major trends in the distributions 
verse stress are also analogous to those without the ambient pressure, except f

00 kPa at distant points from the

 
The distributions of the isotropic damage parameter are quite different from those 
without the ambient pressure. When the block i
p
appear at the sides of the particles. However, with the ambient pressure, the damage 
zones develop at the sides of the particles. The concentration of negative stress due to 
ambient pressure occurs at the sides of the particles. That is why the damage zones 
develop at the sides of the particles.  
 
Development of damage zone due to the growth and nucleation of microvoids under 
negative stress are not likely to occur. Therefore, the use of isotropic damage 
constitutive model may not be suitable for present investigation. 
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ting. The dilatational damage parameter is very 
all compared with the case without the ambient pressure. The distributions of  

ag(a-1) Tensile stress (a-2) Transverse stress (a-3) Dam e parameter 

(a) 1.0=ε  

(b-1) Tensile stress (b-2) Transverse stress (b-3) Damage parameter 

(b) 0.135=ε  
Figure 24 The distributions of the tensile and transverse stresses and the damage 

parameter for the case of isotropic damage with ambient pressure 

5.2.2 Separate dilatational/deviatoric damage material with α = 0.1 and with 
ambient pressure 
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are depicted in Figure 25. The distributions of the stresses are 
similar to those of the isotropic damage constitutive law. The distributions of the 
damage parameters are quite interes
sm
deviatoric damage parameter are almost uniform within matrix material. The level of 
the deviatoric damage parameter is small. 
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(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
rame

Figure 25 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

ter damage parameter damage pa

5.2.3 Separate dilatational/deviatoric damage material with α = 0.99 and with 
ambient pressure 
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are depicted in Figure 26. It is seen that the dilatational damage 
parameter is much smaller than the deviatoric one. The distributions of the deviatoric 
damage parameter are analogous to the cases of the isotropic damage constitutive law 
with the ambient pressure. This implies that the development of damage in the case of 
the isotropic damage law is governed by the deviatoric stresses. 
 

1.0=α  and with the ambient pressure 

(a-4) Deviatoric 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b-4) Deviatoric 
damage parameter 

(a) .0=ε  1

(b) 0.135=ε  
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5.2.4 Separate dilatational/deviatoric damage material with α = 10.0 and with 
ambient pressure 
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are depicted in Figure 27. The distributions of the stresses are 
similar to those of the isotropic and the separate dilatational/deviatoric damage model 
with the other values of parameter α . As the parameter α  is set to be 10.0, the 
dilatational damage parameter is much smaller than the deviatoric one. The distributions 
of the deviatoric damage parameter look similar to previous cases that are of the 

otropic and the dilatational/deviato age with is ric dam 1.0=α  and 99.0=α . 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

Figure 26 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and with the ambient pressure 99.0=α

1.0=ε

0.135=ε

(a-4) Deviatoric 
damage parameter 

(a)  

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  
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5.2.5 Summary: Separate dilatational/deviatoric damage material with α = 0.1, 

esults with the ambient pressure revealed that when the isotropic damage model is 

0.99 and 10.0, and with the ambient pressure 
 
R
used, the progressive material damage occurs even under negative hydrostatic stress. 
This contradicts with our basic postulation that the damage in matrix material is due to 
the growth and nucleation of microvoids. These should not be sensitive to the deviatoric 
stresses. Therefore, it is plausible to use the separate dilatational/deviatoric damage 
model with a small value of constant α .  
 
From present sets of analyses we are unable to sugges ost sui lut the m table va e for α .  
 
5.3 Material damage evolution in matrix material under the influences of 
mechanical interactions of particles-3 (Nine randomly distributed particle model 
with and without ambient pressure) 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

Figure 27 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and with the ambient pressure 0.10=α

1.0=ε

0.135=ε

(a-4) Deviatoric 
damage parameter 

(a)  

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  
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Following the four particle problems, we solved a problem with nine randomly 
distributed particles. The problem configuration is depicted in Figure 28. Again, we 
adopt the isotropic damage model and the separate dilatational/deviatoric damage 
constitutive model with 1.0=α , 99.0=α  and 0.10=α . Analyses are carried out with 
and without the ambient pressure.  

ambient pressure (Nine randomly 
istributed particle model) 

- at the zone of large value of the damage 
arameter connects the particles when they are close to each other. The stresses 

e
e particles is negative and the zones of negative stress connect the particles when the 

Figure 28 The problem of non with and without the 
ambient pressure 

e randomly distributed particles 

Local Model: 928 elements 1007 nodes 

E* = 10 EM 

 

5.3.1 Isotropic damage material without 
d
 
The distributions of tensile and transverse stresses and the damage parameter are 
presented in Figure 29. Trends are similar to the case of four regularly distributed 
particles.  
 
It is seen in Figures 29 (a-3) and (b 3) th
p
concentrate at the top and bottom of the particles. The transverse stress at the sid s of 
th
distances between particles are small.  
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eviatoric damage material with α = 0.1 and without 
mbient pressure (Nine randomly distributed particle model) 

meters are presented in Figure 30. The overall trends are similar to that of 
ur regularly distributed particle case. Again, the concentration of the transverse stress 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Damage parameter 

parameter for the case of isotropi ambient pressure (Nine randomly 
distributed particle model) 

(a) 0632.0=ε  

(b) 1.0=ε  

Figure 29 The distributions of the tensile and transverse stresses and the damage 
c damage without 

 
5.3.2 Separate dilatational/d
a
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage para
fo
is not very clear.  
 
The value of the dilatational damage parameter is much larger than that of the deviatoric 
one. 
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(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

utions o se s
parameter for the case of the se te dila tional/deviatoric damage model with 

 
5.3.3 Separate dilatational/dev ith α = 0.99 and without 

mbient pressure (Nine randomly distributed particle model) 

ational and deviatoric 
amage parameters are depicted in Figure 31. The concentrations of the transverse 

iatoric damage material w

1.0  and without the ambient pressure (Nine randomly distributed particle model)

a
 
The distributions of tensile and transverse stresses and the dilat
d
stress at the top and bottom of the particles appear more clearly than the case of 1.0=α . 
The tensile stress concentrates at the top and bottom of the particles as seen in all the 
other cases. The values of the dilatational and deviatoric damage parameters are similar.  

Figure 30 The distrib f the tensile and transver tresses and the damage 
para ta

=α  

(a-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b-4) Deviatoric 
damage parameter 

(a) 0632.0=ε  

(b) 1.0=ε  
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(a-4) Deviatoric 
damage parameter 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

(a)  0632.0=ε

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  1.0=ε

Figure 31 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and without the ambient pressure (Nine randomly distributed particle model) 99.0=α

 

 clearl

5.3.4 Separate dilatational/deviatoric damage material with α = 10.0 and without 
ambient pressure (Nine randomly distributed particle model) 
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are depicted in Figure 32. As seen in Figures 32 (a-2) and (b-2), the 
concentrations of the transverse stress at the top and bottom of the particles are y 
seen. The value of the dilatational damage parameter is much smaller than that of the 
deviatoric one.  
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(a-4) Deviatoric 
damage parameter 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

(a)  0632.0=ε

(b-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b)  1.0=ε

Figure 32 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

 and without the ambient pressure (Nine randomly distributed particle model) 0.10=α

 
5.3.5 Isotropic damage material with ambient pressure (Nine randomly distributed 
particle model) 
 
The distributions of tensile and transverse stresses and the damage parameter are 
depicted in Figure 33. As seen in the case of regularly placed four particle problem, 
progressive material damage at the sides of the particles are seen. They are due to 
negative transverse stress.  
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ilatational/deviatoric damage material with α = 0.1 and with the 
mbient pressure (Nine randomly distributed particle model) 

ferent from that of the damage parameter of 
the isotropic damage model. Also, they look differently from the case without the 
ambient pressure. It seems that the ambient pressure weakens the magnitude of 
hydrostatic stress and prevents the dilatational damage zone from enlarging in matrix 
material. The deviatoric damage parameter looks more uniform than the case without 
the ambient pressure.  

(a-1) Tensile stress (a-2) Transverse stress (a-3) Damage parameter 

(b-1) Tensile stress (b Transv rse stress (b-3) Damage parameter 

Figu
parameter for the case of isotropic damage with the ambient pressure (Nine randomly 

distributed particle model) 

(a) 

 
5.3.6 Separate d
a
 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are presented in Figure 34. The distributions of the dilatational and 
deviatoric damage parameters are quite dif

-2) e

re 33 The distributions of the tensile and transverse stresses and the damage 

(b) 135.0=ε  

1.0=ε  
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5.3
ambient pressure (Nine rando del) 

e dilatational damage 
arameter are lower than the case of 

.7 Separate dilatational/deviatoric damage material with α = 0.99 and with the 
mly distributed particle mo

 
The distributions of tensile and transverse stresses and the dilatational and deviatoric 
damage parameters are presented in Figure 35. The levels of th
p 1.0=α . In the distributions of the deviatoric 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 
damage parameter 

utions o se s
parameter for the case of the se te dilatational/deviatoric damage model with 

damage parameter, the concentrations of the damage parameter are seen not only at the 
top and bottom of but also at both the sides of the particles. It seems that the 
compressive stress due to the ambient pressure induces the evolution of the deviatoric 
damage. 
 

Figure 34 The distrib f the tensile and transver tresses and the damage 
para

1.0=α  and with the ambient pressure (Nine randomly distributed particle model) 

(a-4) Deviatoric 
damage parameter 

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational 
damage parameter 

(b-4) Deviatoric 
damage parameter 

(a) 1.0=ε  

(b) 135.0=ε  
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.3.8 Separate dilatational/deviatoric damage material with α = 10.0 and with the 

he distributions of tensile and transverse stresses and the dilatational and deviatoric 

 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 

Figure 35 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

99.0=α  

(a-4) Deviatoric 
d

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational (b-4) Deviatoric 
d

(a) 1.0=ε

(b) 135.0=ε  

amage parameter damage parameter 
 

amage parameter damage parameter 

 and with the ambient pressure (Nine randomly distributed particle model)

5
ambient pressure (Nine randomly distributed particle model) 
 
T
damage parameters are presented in Figure 36. The major trends are the same as the 
case of 99.0=α . The value of the deviatoric damage parameter is slightly larger than 
that of 99.0=α . The value of the dilatat damage parameter is much smaller than 
those of 10.0=

ional 
α  and 99.0=α .  
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.3.9 Summary: Separate dilatational/deviatoric damage material with α = 0.1, 

 Howev

ewhat ll the constitutive models, i.e., the isotropic and the 
parate dilatational/deviatoric damage model with 

 

(a-1) Tensile stress (a-2) Transverse stress (a-3) Dilatational 

Figure 36 The distributions of the tensile and transverse stresses and the damage 
parameter for the case of the separate dilatational/deviatoric damage model with 

0.10=α  

(a-4) Deviatoric 
d

(b-1) Tensile stress (b-2) Transverse stress (b-3) Dilatational (b-4) Deviatoric 
d

(a) 1.0=ε

(b) 135.0=ε  

amage parameter damage parameter 
 

amage parameter damage parameter 

 and with the ambient pressure (Nine randomly distributed particle model)

5
0.99 and 10.0, and with and without the ambient pressure (Nine randomly 
distributed particle model) 
 
From the sets of analyses presented in section 5.3, it is clearly seen that the major trends 
in the case of randomly distributed particles are the same as those in the four particle 
problem. er, it is seen that the damage zones connect the particles depending on 
their distances. The most important finding in section 5.3 is as follows. The results seem 
to be som reasonable with a

1.0=α , 99.0=α  and 0.10=α  se
when the ambient pressure is not applied. However, when the ambient pressure is 
applied to the block, the deviatoric damage zones develop at both the sides of the 
particles, where the hydrostatic stress is negative. In present study, we assume that 
material damage is due to the growth and nucleation of microvoids in matrix material. 
Such material damage is not considered to take place under negative hydrostatic stress. 
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Therefore, it is appropriate to use the separate dilatational/deviatoric damage 
constitutive model with a small number of constant α . When the constant α  is small, 
the contribution of the deviatoric damage is sm tive to that of the d latational 
damage. 
 
5.4 Material damage evolution-dewetting between the particles and matrix 
m  zon
 
In this section, some preliminary results are presented. Due to the softening nature of 
the cohesive zone model, s-FEM analyses tend to become unstable.
use iterative solver to solve for the system of li ultaneous equations. Thus, we 
used a direct solver (skyline solver) in the analyses of section 5.4, although it is not very 
efficient in terms of its memory usage. It is no at for all the other analyses, an 
iterative equation solver (Conjugate Gradient Method) is used. Because of roblem, 
we could place as many as four particles.   
 
Since the constants 

all rela

near sim

ted th

i

 Thus, we could not 

 this p

in the cohesive zone model are not known, 
δ

shown in Figure 37 are 
e constan

the cohesive zone model are postulated to be: 
 

01.0=nδ , 01.0=tδ , MAX
nσ =250 kPa, 500 kPa, 1000 kPa or 2000 kPa    (101) 

 
In Figure 38, the tensile stress distributions in the central section of the block are shown 
for the case of MAX

nσ =250 kPa. In Figure 38 (a), the di n show  
concentrations at the top and bottom of the particle. The distribution is very similar to 
that without the cohesive zone model. This means that, at this step, the cohesive zone is 
almost rigid. In Figure 38 (b), it is seen that the stress concentrations at the top and 
bottom of the particle are weaker than those in Figure 37 (a). The cohesive zone opens 

stress stributio s stress

aterial (cohesive e model) 

nδ , tδ  and  
postulated values ar ed in the an e let 

MAXσ

e us δ
n

alyses. W n t

ler than the size of the particle in out problem. MAX
nσ  is varied and from small 

 values relative to the nonlinear stress-strain curve of Figure 16, i.e., MAX
nσ =25

 and  be 0.01 which is much 
smal to 
large 0 
kPa, 500 kPa, 1000 kPa and 2000 kPa. 

f one particle problem that is 
resented. The particle is placed in the block made of elastic material. Th ts for 

 
5.4.1 One particle model, without matrix damage (without the ambient pressure) 
 
In this section, the results o
p
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and the load transmitting capability of the cohesive zone starts decreasing.  
 
In Figure 38, the distributions of the tensile stress for the case of MAX

nσ =500 are shown. 
The trends are similar to those of MAX

nσ =250. In Figures 39 and 40, the distributions are 
depicted for =1000 and =2000, respectively. Except for Figure 39 (b), the 

ends are v ilar to those of =250 and =500. Due to the softening 

) looks asymmetric. 

 

MAX
nσ

ery sim

MAX
n

 nσ

σ
MAX MAX

nσtr
nature of the cohesive zone model, the analysis suddenly became unstable. That is why 
the stress distribution Figure 39 (b

Figure 37 One particle problem with the cohesive zone model 
Local Model: 928 elements 1007 no

E* = 10 E

des 

M 

 

(a) Overall strain=0.015 (b) Overall strain=0.0374 
Figure 37 The distributions of tensile stress for MAX

nσ =250 kPa 
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(a) Overall strain=0.03 (b) Overall strain=0.0668 

 

 

(a) Overall strain=0.03 (b) Overall strain=0.1 
Figure 39 The distributions of tensile stress for MAX

nσ =1000 kPa 

Figure 38 The distributions of tensile stress for MAX
nσ =500 kPa 

 
5.4.2 O atrix damage (w re) 
 

(a) Overall strain=0.03 (b) Overall strain=0.195 
Figure 40 The distributions of tensile stress for =2000 kPa MAX

nσ

ne particle model, with m ithout the ambient pressu

In section 5.4.2, in addition to the cohesive zone model, we assume the evolution of 
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material damage in matrix material. As seen in preceding sections, the separate 
dilatational/deviatoric damage model with a small value of constant α  has been 
recommended to appropriately model the matrix damage due to the growth and 
nucleation of microvoids. Thus, in this section, α  is set to be 0.1. The stress-strain 
curve of Figure 16 is assumed to model the r of matrix mater , a 
constant in the cohesive zone model is postulated to be 250 kPa, 500 kPa, 1000 kPa or 
2000 kPa. 
 
In Figu f tensile stress and of the dilatational damage parameter 
for =  a is small 
com ared with the level of stress-strain curve of Figure 16. ing to Figure 16, the

mation of matrix material initiates at 500 kPa. The value = 250 
aller than the stress at the initiation of dama

1 (b) indicates that the stress concentration weakens due
the cohesive zone at the top and bottom of the particle. Figure 41 (c) shows that the 

age parameter is very sm  is 
small compared with that of damage initiation, the opening of cohesive zone occurs 
before the material damage of matrix material takes place. Therefore, the major part of 
the material damage is dewetting between the particle and matrix material. 
 
In Figure 4 ameter are 
shown for = 500 kPa. In this case, the value of  is comparable to the stress
value at the initiation of matrix damage. In Figures 42 (a) and (c), the distributions of 
tensile stress and the dilatational damage parameter at overall strain 0.0441 are depicted. 
At this stage, the damage zone has not developed much. The tensile stress distribution is 
similar to that of elastic problem.  
 
In Figures 42 (b) and (d), the distributions of tensile stress and the dilatational damage 
parameter are presented for overall strain being 0.0632. The stress distribution indicates 
that the dewetting between the particle and matrix material is taking place. Figure 42 (d) 
shows that the dilatational damage zones are developing at the top and bottom of the 
particle. In g between 
the particle and matrix take place. 

 Figure 43, the distributions of tensile stress and the dilatational damage parameter are 

 behavio ial. MAX
nσ

presented for MAX
nσ = 1000 kPa. From the figures, it is seen that the cohesive zone does 
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not influence the distributions of stress and the damage parameter. The cohesive zone is 
so stiff that it does not open and material damage due to the dewetting does not occur. In 
Figure 44, the distributions are presented for MAX

nσ = 2000 kPa. They are almost 
identical to those of MAX

nσ = 1000 kPa. 

(a) Tensile stress at overall strain=0.015 (b) Tensile stress at overall strain=0.0373 

(c) Dilatational damage parameter at overall strain=0.0373 

 
parameter for MAXσ =250 kPa. 

Figure 41 The distributions of tensile stress and of the dilatational damage 
n
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(a) Tensile stress at overall strain=0.0411 (b) Tensile stress at overall strain=0.0632 

Figure 42 The distributions of tensile stress and of the dilatational damage 
parameter for =500 kPa. 

(c) Dilatational damage parameter 
at overall strain=0.0411 

(d) Dilatational damage parameter 
at overall strain=0.0632 

MAX
nσ
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(a) Tensile stress at overall strain=0.0632 (b) Tensile stress at overall strain=0.1 

p =1000 kPa. 

(c) Dilatational damage parameter 
at overall strain=0.0632 

(d) Dilatational damage parameter 
at overall strain=0.1 

Figure 43 The distributions of tensile stress and of the dilatational damage 
arameter for MAX

nσ
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(a) Tensile stress at overall strain=0.0632 (b) Tensile stress at overall strain=0.1 
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5.4.3 Four particle model, with matrix damage (without the ambient pressure) 
 
In this section, the results of analyses on the four particle model are presented. The 
same damage constitutive law as that is used to solve the one particle problems is 
adopted (the separate dilatational/deviatoric model with 1.0=α ). 
 
In Figure 45, the distributions of tensile stress and the dilatational damage parameter for 

=250 kPa are presented. It is seen in the figures that the value of the damage 
parameter is small although the cohesive zones start separating and that the stress 
concentration at the top and bottom of the particles weakens due to the softening of the 
cohesive zone, i.e., dewetting. 
 
In Figure 46, the distributions of tensile stress and he dilatational damage parameter for 

=500 kPa are depicted. In this case, the stress at the maximum stress at the 
cohesive zone and that at the initiation of matrix damage are comparable. It is seen in 
Figure 46 (b) that the stress concentration at the top and bottom of the particles weakens 

Figure 44 The distributions of tensile stress and of the dilatational damage 

(c) Dilatational damage parameter (d) Dilatational damage parameter 
at overall strain=0.0632 at overall strain=0.1 

parameter for MAX
nσ =2000 kPa. 

MAX
nσ

MAX
nσ
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due to both the damage mechanisms. The damage zones connect the particles aligned in 
the vertical direction, as seen in Figures 46 (c) and (d).  
 
In Figures 47 and 48, the distributions of tensile stress and the dilatational damage 
parameter are presented for =1000 kPa and =2000 kPa, respectively. The 
distributions in Figures 47 and 48 are very similar h the different values are 
given to the parameter . In both the cases of Figures 47 and 48, the cohesive 
z f sive 
zones are stiff enough that they do not open. 
 
As summary, we can conclude that depending on the combination of stresses at the 
initiation of matrix damage and at the separation of cohesive zone. In present analyses, 
the stress-strain curve of matrix material is postulated to be what was given in Kwan 
and Liu [10] and the parameter of cohesive zone model that governs the stress at 
the separation of cohesive zone is varied. When  at 
the separation of cohesive zone is s aller than th atrix damage. In 
such a ca  of 
the composite. When ation of cohesive zone is 
comparable to that at  matrix dam ge. Both the mechanisms of material

amage take place. W is 1000 0 kPa, the interface separation at 
age 

echanism.  

MAX
nσ MAX

nσ

, althoug
MAX
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ones do not give any influences to the de ormations of the composites. The cohe
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is 500 kPa, the stress at the separ
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the cohesive zone do not occur at all. The matrix damage is the major dam
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Figure 45 The distributions of tensile stress and of the dilatational damage 
parameter for MAX

nσ =250 kPa (four-particle problem). 

(c) Dilatational damage parameter at overall strain=0.0411 

(a) Tensile stress at overall strain=0.015 (b) Tensile stress at overall strain=0.0411 

 

(a) Tensile stress at overall strain=0.0411 (b) Tensile stress at overall strain=0.0632 

Figure 46 The distributions of tensile stress and of the dilatational damage 
parameter for =500 kPa (four-particle problem) 

(c) Dilatational damage parameter 
at overall strain=0.04112 

(d) Dilatational damage parameter 
at overall strain=0.0632 

MAX
nσ
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(a) Tensile stress at overall strain=0.0632 (b) Tensile stress at overall strain=0.1 

MAX
nσ

(c) Dilatational damage parameter 
at overall s

(d) Dilatational damage parameter 
train=0.0632 at overall strain=0.1 

Figure 47 The distributions of tensile stress and of the dilatational damage 
parameter for =1000 kPa (four-particle problem) 

 

(a) Tensile stress at overall strain=0.0632 (b) Tensile stress at overall strain=0.1 

 

Figure 47 The distributions of tensile stress and of the dilatational damage 
arameter for 2000 kPa (four-particle problem) p =

(c) Dilatational damage parameter 
at overall strain=0.0632 

(d) Dilatational damage parameter 
at overall strain=0.1 

MAX
nσ
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6. Conclusions 
 
In this investigation, the deformation and damage mechanisms of particulate composite 
material are investigated. To do so, we adopted the s-version Finite Element Method 
(s-FEM). By using the s-FEM, the finite element models for the structure as whole and 
for a particle and its vicinity are built separately and are superposed each other. They are 
c e  the 
local model are built, they are superposed in any fashion as long as the region of the 
local model is included in that of the global model. The local model can be superposed 
on the global model repeatedly and they can also overlap each other. Thus, as seen in 
this report, without building new finite element models, various particle arrangements 
can be modeled without creating any new finite element models.  
 
In t titutive models are adopted. They are based on 
Simo and Ju [6]. To account for the contributions of the hydrostatic and deviatoric 
stresses odel 
was adopted. By adjusting a constant in the model, we can model various combinations 
of the contributions from the hydrostatic and deviatoric stresses. For example, when the 
constant 

alled the global and the local finite elem nt models. Once the global model and

his research, continuum damage cons

independently, the separate dilatational/deviatoric damage constitutive m

α  is set to zero, purely dilatational damage solid is modeled. When 1=α , the 
behavior of the solid is similar to that of isotropic damage material. ∞→α  lts in a 
deviatoric damage material.  
 
Cohesive zone model is implemented in the s-FEM computer program to account for 
d  m odel 
contains the cohesive zone as the global model does not account for the details of the 
structure such as the particles. The cohesive zone, when it separates, has a softening 
behavior. The iterative equation solver (Conjugate Gradient Method) that is adopted in 
the program can not handle the softening behavior. Thus, a direct solver (Skyline 
method) was used to solve the problems. The direct solver requires much larger memory 
space than the iterative one does. Therefore, it was difficult to place many particles. At 
mos
 
The resu el is 
not appropriate since the material damage may progress under a negative hydrostatic
stress. The use of the separate dilatational/deviatoric damage model is recommended 
with the hydrostatic stress having the major contribution. The evolutions of progressive 

resu

ewetting between the particles and matrix aterial. Only the local finite element m

t, we could place four particles. 

lts presented in this report revealed that the use of isotropic damage mod
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damage zones are presented. When the particles are aligned in the loading direction, the 
amage zones connect the particles. Due to the strong constraint from the particle, 

eviatoric damage constitutive model was proposed along 
with a method to extract its material parameters from one-dimensional stress-strain 

d
damage zones do not develop at the sides of the particle.  
 
Dewetting between the particles and matrix material is seen to initiate at the top and the 
bottom of the particles. Dewetting does not occure at the sides of the particles. 
Depending on the strength of bond between the particles and matrix material, dominant 
damage mechanism changes. When the bond is very strong, i.e., the value of constant 

Maxσ  is large, only the matrix damage occurs. When the bond is very weak, i.e., Maxσ  
is small, dewetting is the dominant damage mechanism. When the strength of the bond 
is comparable to the stress at the initiation of matrix damage, both the damage 
mechanisms take place. 
 
Although s-FEM computer code has been developed for the damage analyses, the 
material constants that were adopted in the analyses are postulated ones. However, some 
characteristic behavior of particulate composite materials with progressive damage has 
been revealed.  
 
In summary, during present research, the followings have been accomplished. 
 
1) The separate dilatational/d

curve. The damage model was implemented in the s-FEM computer program, 
2) S-FEM formulation with the cohesive zone model has been proposed and has been 

implemented in the s-FEM program. 
3) S-FEM analyses on particulate composite materials, with assuming the matrix 

damage and dewetting between the particles and matrix material, has been carried 
out. Some characteristic behavior of damages in the particulate composite materials 
has been revealed. 
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